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Answers may be written either in English or in Hindi; but same medium should be used
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There are six questions in all. Attempt any four.

All parts of a question must be answered together.

All questions carry equal (18.75) marks.
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. (a) Consider the proposition 1 < x% < 4.
(i) For what values of x does the proposition hold true?

(i) Is the condition 1< x < 2 necessary or sufficient or both necessary and
sufficient for the proposition to be satisfied?

(iii) Is the condition |x| > 1 necessary or sufficient or both necessary and sufficient
for the proposition to be satisfied?

(c) Given ay + % + o+ % + ﬁ = 0, with ag, a4, ... , a, as constants, prove that
apx + a;x% + -+ + a,x™ = 0 has atleast one real root between 0 and 1.

2x+6
x1/3 °

(¢) (i) Find the intervals where f is increasing/decreasing if f'(x) =

(ii) Find the intervals where f'(x) is increasing/decreasing?
(iii) Find the local extreme values of f (if any).
(d) Consider the following system of equations
ax+y=p
x+ay=_

@) For what values of & and 8, does the system of equations, not have a solution.
(i1) For what values of a and f3, does the system of equations, have a unique
solution. Also, find the solution in this case.
(iii)  For what values of a and S, does the system of equations, have infinite
solutions.
(3,5,6,4.75)
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2. (a) (i) Solve for the set of all real numbers x that satisfy ————— > 0.

x2+3x+2

(ii) Find the domain and range of f (x) = \/logz(3x — 4).
(b) Given f(x) = 3(x — 1)° + 2x3 + x + 2. How many roots does this function have?
(c) Consider a function f that is differentiable for all x. Assume that f(2) = —3,
f'(2)=5,f"(2) =3 and f""(2) = -8.

(1) Write the third order Taylor’s polynomial for f about x = 2 and use it to
approximate f(1.5).
(i) If | f*(x)| < 3 for all x, prove that f(1.5) # —5.

(d) Solve the inequality 3* < % Consider points 0 < x; < x, in the domain of f (x) =

3X143%2 X1tXp
>3 2

3% and prove that

(e) Examine whether the following system of equations have solutions. If they do,
determine the number of degrees of freedom.

X1+ x, +2x3+x,=5
2%y +3x; —x3 —2x, =2
4x, 4+ 5x, —3x3 =7
(3,3,4,4.75,4)

. (a) A travel agent surveyed 100 people to find out how many of them had visited the

cities of Jaipur and Alwar. Thirty-one people had visited Jaipur, 26 people had been to
Alwar, and 12 people had visited both cities. Find the number of people who had
visited:

L. Jaipur or Alwar;

ii. Alwar but not Jaipur

iil. only one of the two cities;
iv. neither city.

(b) (i) Given g(x) = a[f(x)]? + bf (x) + ¢, find elasticity of g(x) and express it in
terms of e, the elasticity of f(x) w.r.t x.
(ii) Given the function f(x) = 5x* + 9x3 — 11x2 + 10, prove that the graph of
has a slope equal to 9, somewhere between x = —1 and x = 1.
(c) Find the local maximum and minimum values of the cubic function
fx) = %x3 - x%= 14—1x + 12—5 Find the points of inflection (if any).
5

0
2
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(d) (i) Consider the three vectors v; = [2] , Uy = [1] ,v3 = |0]. Do they span R3?
0 3




(i1) Find the equation of the plane passing through the points a = (1,1, —-1,),
b =(2,0,2) and c = (0,—2,1). Where does it cut the axes?
(3.75,5,5,5)

4. (a) Let A and B be sets. Prove A € B if and only if A U (B/A)=B.

(b) The population of a country grows according to the following function of time, t:

— a . —
P(t) = —b+(%_b)e-at’ Given that P(0) = P,,

o g AP
(i) Find e

(i1) Find the proportional rate of growth of the population.

(iif) Show that the population has a limiting value and find this value.

(c) Find the values of x (if any) at which f is not continuous and determine whether
each such discontinuity is removable.

) = x24+2x+1

fe = x?+4x+3

(d) For the function f(x) =————, find the intervals where the function is
x%=2x%+3

increasing/decreasing. Find the extreme points of f and classify them as
local/global. Find the asymptotes of the function.

() Prove that (D+ABC)™*=D"'—D'A(B™*+CD A)"cDYf (B~'+
CD7'A) # 0 given that D and B are invertible matrices with dimensions n X n and
m X m respectively. Also, A and C are matrices with dimensions n X m and
m X n respectively.

(3,3,4,5.75,3)

(a) (i) Givenf (t + 2) = V% — 2t + 4, find £(t).

(i1) What is the slope of the line tangent to the graph of y = % atx =17

Inx
(Inx-1)"

(b) Find the domain of the function f(x) =
g and find the expression for g.

Show that /" has an inverse function

(c) Ifx?y — 3y? = 2x, find Z—z. Find the points at which the curve has vertical tangents.
Check if the curve also has horizontal tangents.

(x—-1%4x<

0
Xx+1 x>0 ,forx € [-3,3]

(d) Given f(x) = {

Is the function continuous? Is it differentiable? Does the Mean Value theorem hold?
Find the absolute extreme values in the interval.

6.

(e) The Leontief System for a two-sector economy is given as follows
0.8x; = by
—0.5x; + 0.65x, = b,

) Find a,, and a,, and interpret them.

(i)  Assuming technology does not change find the change in the output of the two
sectors if final demand of sector 1, b, increases by a unit. What happens to the
output of the two sectors if final demand of both sectors increases by a unit
each?

(3,4,3,4,4.75)

(a) Check if the following relations represent functions.
i y=x°
() y*r=x8

(x-m+2)?
x2-mx

(b) Find the values of m if f(x) =

linex —y = 8.

intersects its horizontal asymptote on the

(c) Let U be a concave function and g be a non-decreasing and concave function. Let
the function f be defined as f(x) = g(U(x)) for all x. Is it possible that f is a
convex function? Under what circumstances will f'be a concave function if g is a
non-increasing function?

(d) Consider the function f(x) = kx3 — 27x + 6 with k > 0. Find the local maximum
and minimum values of the given function. What restriction on k will ensure that
£ (x) has three distinct real roots?

(e) For n dimensional vectors v,, v, v3 and v,, prove/disprove the following:

(i) If vy + v, and v; — v, are linearly independent then v, and, v, are also linearly
independent.

(i) If v,, v, and v; are linearly dependent but v; and v, are linearly independent
then vj; is a linear combination of v, and v,.

(iii) If v, is a linear combination of v;, v, and v and v is a linear combination of
v; and v,, then v, v, and v, are linearly dependent.

(2,4,3,5,4.75)
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(a) For the given equation

x2-3
2x—4

y =
(i) Find the all-possible asymptotes

(i) s it continuous everywhere? Is it differentiable everywhere?
(iii)  Find the region(s) of increase and decrease of y.

(iv)  Find the inflection point(s) if they exist. Find the intervals(s) of concavity
and convexity.

) Does it have a global maximum or minimum? Why and why not?

(vi)  Find all possible local maxima and minima if they exist.

(vii)  Sketch the graph. (14)

(b) Find the domain of 2)
f@) = [s-Vx+1

(c) Consider the following system of equations:
ax, +bx, =p
cx,+dx, =q

ex;+ fx,=r

Write down the augmented matrix. If the augmented matrix is row equivalent to
identity matrix, then is the system of equations consistent? Justify your answer.
(2.75)

(a) fFafaf@a wHeor & fou:

_x2—3
T 2x—4

y
(i) T THT 3feTeaeaiar (asymptotes) H AT HITSTT
(i) AT Ig TIT A §? FAT I AT Il §?
(i) y & e 3N g & A B AT fSD|

(iv) 3R fqerfed (inflection) fowg faegare &, o 3ot wa Hifsrd
3raderdr 3R 3TeIar & HRTA(el) HF AT HifSd|

(v) o1 SH% HIS Tellael 3tease ar WfFETse §7 afg & o), w4t §
(vi) 3R TN 3fease 3T RAfFase AegAET §, dr 3 Fefr a1
AT RIS
(vil) Y@r-faF Sy
(b) fAEAfAET #1 e (Se) d RS

f)= [-—vx+1

1
x
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(b
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frfafEa geietor geafd w faur Hifed|

ax,+bx, =p

cx,+dx; =q

ex;+fx, =r
Haftia Jmegy ford| afe Taftia 3imegg deaash 3Tegg & Ulied Toehat gl
ar Far GOl 1 Ag gedla FHI g2 I STare H1 3y wfed
|

A bus has a total capacity of 60 people. The relation between the numbers of
people per trip (x) to the fare charged (p rupees) is given by p = [3 — (f—o)]z.
Write an expression for total revenue R(x) per trip received by the bus company.
Find the number of people per trip that will maximize the revenue. “)

Suppose that the two functions, fand g, are differentiable on an interval [a, b] and
we have f(a) = g(a) and f(b) = g(b). Show that there is at least one point
between a and b where the tangents to the graphs of fand g are parallel. (4)

Show that the tangent to the curve y = x3 at any point (c, ¢®) meets the curve
again at z point where the slope is four times the slope at (c, c3). “4)

Determine if the following function has an inverse. (2.75)
fG) =Ix+4]—|x—4|
For what values of p, the given system of equations below has a unique solution
P+Dx+(@+Dy=q
dx+(p+4d)y+@p-1Dz=1
3x+5y+(p—-1)z=-3.
What conditions must q satisfy for the system to have a solution whenp = 1

Find that solution. 4)

T §F & Fel GAT 60 AT g1 i feq saferaat r Fer (x) I (p 29)
% ar wdy p = [3 - (5)]? & carn R wn ¥ ww GO qERr St R area

Q. (a

(b)

Tl ToEd R(x) & fav ve siffieafda fogd) wia fow ol & a5 &
RIS S 3fehaa Terea 9o 8|
AT N & f 3R g, IRA (a,b) R 3@FdT & 3 f(a) = g(a)
AT f(b) = g(b) &l T@WET & a 3R b&F T HA T HA TH
fiig & 5161 f 3R g & amwl H FN@T FAFK g1
@ & a y=x3 & &l o g (c,¢®) W ToR@r 39 a H
30 eg z W gof: el § ST61 T a1, (c,c®) W el & IR T
gl
e Feafaf@d woe &1 1S gaera § a AuiRa fifc:
fO)=Ix+4|—|x—4]

p & faret el & forw, geltatol &r e & o8 ueafa & ve sgfad
EAH

+Dx+(@+Dy=q

x+(p+y+@p-Dz=1

3x+5y+(p—-1z=-3.
Sd p=18a uhd & g8 & fAU & fAvw q 1 forer et &1 qu
FAT gV T8 g AT i |

A function f'and its derivative take on the values shown in the table. If g is
the inverse of f, find g’ (6)

x f(x) f'(x)
2 6 1/3
6 8 3/2

“
For 0 < a < 1, find the optimum value(s) of the function f(x) = xa*.  (4)
The elasticity of a function y = f(x) is given as p. Then find the elasticities of the

total function, xf(x), and the average function @ in terms of p .
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Also find the values of p for which the total function and the average function can
have their respective maximums. 4)

Let Li:2+4+t,—t,2—t and L,:—1—2s,5,2+4+ 3s,. be two lines. Show that
L, and L, do not intersect. The line L passes through the point P (1,1, 3) and its
direction is perpendicular to the directions of both L; and L,. Obtain parametric
equations for L. Find the coordinates of point Q where L; and L, intersect and
verify P lies on L;. (3.75)

If a quantity A is growing exponentially over the time, and A, A, are the values at
times t;and t, respectively, then find the growth rate of the quantity in terms of
A; and 4,. 3)

TF Bold f 3R 3UF 31achelel & AT AT dlfae & g T & Ifg g,
f &7 gosha &1l g'(6) A RS

x f(x) f'(x)
2 6 1/3
6 8 3/2

0<a<1,F AT Faad f(x) = xa® & SSCAH AT AT Py |

Ww,yzf(x),ﬁ?*ﬁ?r pﬁﬁﬁ%lp*“ﬂ?ﬁi’mw,
xf (), I AT o, L2y o e AR p F 37 A B o
A TSI Feveh fIT For Berel AR AT BereT & 39 Feiftra sfRase
g #&d gl

AT N &F Li2+¢6—-62—¢ 3 Li—1—2s,5,2+3s a @ §
@ & L, 3R L, WER @ed ¢ §1 @1 L; W= P (1,1,3) & g
TRl § R gER feem L, AR L, @t #r feemsdt & o ad Bl
L % TrT R fgen gefemtor Ad e [Seg @, 518l & L, 3R L, RER
Fed €, F RAEuw Aa RIS 3R wEog @i &% P, L, W)

I AT F WY UH AT A SIAIAT (exponentially) ¥ d¢ @Y &, IR
Ay, A, FEA: t; 3R t, FHT W 5T AT &1, dr 4, 3R 4, F gai & A=r
& gefdr &X AT H|

Q4.
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(©)

(d)

(e)

(a)

(b)

©

(d)

a2
Determine if the function f(x) = e *'/2 is concave or convex in x. Find the local
maxima, minima, and inflection points. Sketch the graph. Does it have a global

maximum, minimum? 4.75)

Given that f"' is continuous on [a, b] and f has three zeros in the interval. Show
that f'' has at least one zero in (a, b). 3)
Find the equation of the tangent lines to the inverse at the given point
_,-3x
f) =15 at(-1o)

x2+1

g(x) =7x3 + (Inx)? at(7,1) 5)

Let n be an odd positive integer. Determine whether there exists an n x n real
matrix such that

A2+1=0,
where A is an n x n matrix, I is identity matrix, and 0 is a null matrix. 3)

Let A and B are n x n matrices with real entries. Given that A + B is invertible,
show that

A(A+B)'B=B(A+B) 1A 3)

e B i et £(x) = e~ /2 , x 3 31acTel & T 3efel| TANT 31erehcsT
IR TR FgeraA AR faufEa & &g (Wegaf) a1 T w1 @R
FATSA| FIT SHH Telladl 3Tease, MFTSE &2

fear arr § & 7 [a,b] W Had § 3R f & Haua A AT g7
@ & [ | (a,b) H FAIH TF LT &
f6d 1T Qeg3it W goshAr & Tl Y@i3it i FHAor AT RS
f) == g (-1,0) W
foeg (7,1) W

gx) =7x3 + (Inx)3

A NS A n v AvA veleAs quites 81 AuiRa fifedr & a=r v
nxn AEdide ey TAETAR g, drfe:



Q5.

(2)

(®)

A2+1=0,

SIgT AU nxn 3Tegg, | dolHA® 3Megg, 3R 0 Th e (null) 3Tegg
gl

A NI & 4 3R B nxn adfds glafSedt arar sregg §1 fear amr
g ™ A+ B udcT (invertible) &, ar @ &

A(A+B)'B=B(A+B) 4

Let f(x) = x™(1 — x)", where m and n are integers greater than 1. Show that

y = f(x) has a stationary point in the interval 0 < x < 1. Show that this
stationary point is maximum if n is even and a minimum if n is odd. %)

Suppose the population A(t) of a species grows exponentially so that
A(t) = A(0)e™,

Where A(0) is the initial population, ¢t is the number of years and r is a positive
constant. Now answer the following questions.

(i) If the population doubles in n years, find n.

t
(ii) Show that the above function can be written as A(t) = A(0)2= (5)

Let w; and w, be two vectors in R™. Moreover, they are of unit length i.e. ||w; || =
|lw;|| = 1 and their dot product is given by wy.w, = wiw, = —1/2, where wj is
the transpose of w;. Find the length of (w; — wy) i.e. [wy — w,|]. (4.75)

Let u; and u, be two nx1 column vectors. Prove that tr(u uy) = uju, (4)

AT oo f(x)=xm(1—x)",3|ﬁm3mn,1#3@%‘%31?{01#
g1 fomrsd & y = f(x) &1 IR 0<x <1 & T W foig 81 @z
R nan g w PR RgsRac g i sk n A g O =@
AfEse §

o NS o T Yol T STAEEAT A(t) H 38 JhR ETdihd Jefer
gIchr 8, &

Q6.

()

(d)

(@

(b)

(©)

(d)
(e)

A(t) = A(0)e™
S8, A(0) Wit SerEEdr &, ¢ ast & d&ar § 3R r e edcHs
Rt 81 rfaf@a weal & 30w afo:
(i) I n avt A Serwear SuEn & S g, A n A wfe
(i) T@=Y fF IWFd el &I 38 YR Y for@r 1 Tohar &

A() = A(0)2n
AT AT F w, andw, R™ & & dFeX §l SHF 3Gl d SHES S
F § 3T |lwyl| = |Iw,]| = 1 3R 37T =te Tl wy.wy = wiw, = —1/2
% GaRT &1 I §| ST wy, wy BT T&Tee &l (wy — wy) AT |lwy — wy||
& daTs AT A
AT o & w, and u, @ nxl TOFH IFX §1 Ry Ao &

tr(uuy) = uiu,

An epidemic spread through a community in such a way that t weeks after its
outbreak, the number of residents who have been infected is given by the function

f®)=

where 9000 is the total number of susceptible residents. Show that the epidemic is
spreading most rapidly when half the susceptible residents have been infected.
What happens over time? Sketch the graph. “4)

9000
14999e~t’

Let u, v, w be three vectors in R™. Suppose that vectors u, v are orthogonal and the
norm of v is 4 and v'w = 7. Find the value of the real number x in u = v + xw.

“)

Let A be an n x n nonsingular matrix of linear transformation. Let vyand v, be
linearly independent vectors in R™. Prove that the vectors Av, and Av, are linearly

independent. “4)
2 2
Show that x == < In(1 + x) < x — —— forx >0 (2.75)
2 2(1+x)
Test the convergence of the series
© +5
Zn=1 (nnn+3) N\



(a)

Tsh HEANT THETAH TR R 38 TR holcdl 8 o sa0% Y& g1 &
t Al 916 Hh(AT Al dr HEAT A Hafelidd Bl & GaRT f&ar
ST &

f(t) — 9000

1+999e~t ’
S8l Jfarddestelier fAarfaat i o dEar 9000 ¢ fewrsd o agEmy
39 gAY A dgar ¥ hadt § 59 39 sfagdeaeie Hard dwfaa
g o ¥ gA9 i & 1Y &= gfed giar 87 (@R s

W@ﬁﬁ%u,v,wR"ﬁ?ﬁHW%lW?ﬁmﬁ?u,vW
I § 3R v @ AF 4 § 3R v'w =7 aafas TEr x F T A
u=v+xw & AT HfAT

AT ANSD 6 A T nan drer WS gRade H GohAUNT (non-
singular) 3megg 81 A A & v,30Rv, R* 7 W@ §7 & w@dv
FeX &1 fey AT & dFeX Av, 3 Av, IW+F &7 & @7 &

easy &, x—xz—z<ln(1+x)<x— * for x>0

2(14x)

fFfaf@d s/@erm & AER0T &1 S Hife|

n+5
2 (vis)
n=1\nvn+3




