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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.
2. Attempt any two parts from each question,

3. All questions are compulsory.

1. (a) Define zero divisors in a ring. Let R be the set of
all real valued functions defined for all real numbers
under function addition and multiplication.

Determine all zero divisors of R. (6%)
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(b) What is nilpotent clement? If a and b are nilpotent

clements of
is also nilpotent. Give an example to show that

a commutative ring, show that a+b

this may fail if the ring R 1s not commutative.

(6%2)

(c) Let R be a commutative ring with unity. Prove
that U(R), the set of all units of R, form a group
(672)

under multiplication of R.

gs of Z, the set of integers.

(d) Determine all subrin
(6'2)

e of a

(6)

(a) Define centre of a ring. Prove that centr

ring R is a subring of R.
(b) Suppose R is a ring with a*> = a, for all a e R.
Show that R is a commutative ring. (6)

order p", where p is

(c) Show that any finite field has
(6)

prime.

with unity 1. Prove that if 1 has

(d) Let R be a ring

infinite order under addition, then CharR = 0, and

addition; then CharR =1
(6)

if 1 has order n under
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of R. Then <how that R
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(b) Prove that =<2+ 21> 18 not pone wdeal of Lt

. 2l what is the
How many clements are l“ > What s

e Zi] -
characteristic ot .w[.m 2 (6%

(¢) In Z[x]. the ring of polynomials with integer
coefficients, let I = {f(x) € Z[x] [t(0) = 0}, Prove

that 1 is not a maximal ideal. (6%2)

(d) Let R[x] denote the ring of polynomials with ¢ ral
coefficients and let < x*+ 1 > denote the principal

ideal generated by x* + 1. Theun show that

R(x]

oy (80 (4l R

{u.\' + b - <x2 -} l>

mbER}

(672)
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Ry DA 2 y with unity and t acteristic of
(a) 1§ V15 4 ring

v isn -0 then show that B containg 2 subrig,

isomorphic to 7, and if the characteristic of p 4,
’ v
0 then I containg 2 subring isomorphic to 7.

(6)

(b) Determine all ring homomorphism from 7 1,

20 )

(¢) Let n be an integer with decimal representation
a,a, ;... 4,8 Prove that n is divisible by 11 if
and only if a,—a,+a,— "+ (~1)¢a_is divisible

by 11. (6)

(d) Show that a homomorphism from a field onto 2

ring with more than one element must be an

isomorphism. (6)

5. (a)Let W, and W, be subspaces of a vector space
V. Prove that W, + W, is a smallest subspace of
V that contains both W, and W,. (6)

(b) For the following polynomials in P,(R), determine
whether the first polynomial can be expressed as

linear combination of other two. (6)

f%3
(X =8x*+4x, x3-2x2+3x-1, x3-2x+ 3}
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(c) Let S = {u, u,, ..., u .} be a finite set of vectors.

Prove that S is linecarly dependent if and only if

u, =0 or U, € span({u,, U,, ..., u.}) for some

K(l £k <n). (6)

(d) Let W, = {(a,b,0) e R3: a, b € R} and
W, = {(0. b, ¢) E R b,c e R} be subspaces of
R*. Determine dim(W)), dim(W,), dim(W, n W)
and dim(W, + W,). Hence deduce that W, +W, =R
Is R = W, @ W,? (6)

6. (a) Let V and W be finite-dimensional vector spaces
having ordered bases B and y respectively, and let

T:V —> W be linear. Then for each u € V, show
[TW], = [TT4ul, (6%)

(b) Let T: P,(R) — P,(R) be linear transformation
defined by

T(a+bx+cx?) = (a—c) + (a—c)x + (b—a)x* +
(c —b)x3.

Find null space N(T) and range space R(T). Also

1
verify Rank-Nullity Theorem. (6'2)

P.T.O.
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(c) For the matrix A= 12 5 —4| and ordere,
L —2 2

basis B = (1, 1,0), (0,1, 1), (1,2,2)}. fing
[L,]g Also find an invertible matrix Q sycp that
[LAlg = Q'AQ. (6'%)

(d) Let V and W be vector spaces and let T: V > W
be linear. Prove that T is one-to-one if and only

if T carries linearly independent subsets of V onto

linearly independent subsets of W. (6%) .
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